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This paper studies initial boundary value problem of fourth-order nonlinear marine riser equation.
By using multiplier method, it is proven that the zero solution of the problem is globally
asymptotically stable.
1. Introduction
The straight-line vertical position of marine risers has been investigated with respect to
dynamic stability 1. It studies the following initial boundary value problem describing the
dynamics of marine riser:
mutt  EIuxxxx − Neﬀuxx  aux  but|ut|  0, x ∈ 0, l, t > 0, 1.1
u0, t  uxx0, t  ul, t  uxxl, t  0, t > 0, 1.2
where EI is the flexural rigidity of the riser,Neﬀ is the “eﬀective tension”, a is the coeﬃcient
of the Coriolis force, b is the coeﬃcient of the nonlinear drag force, and m is the mass line
density. u represents the riser deflection.
By using the Lyapunov function technique, Ko¨hl has shown that the zero solution of
the problem is stable.
In 2, Kalantarov and Kurt have studied the initial boundary value problem for the
equation
mutt  kuxxxx − axuxx  γutx  but|ut|p  0 1.3
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under boundary conditions 1.2. Here p,m, k, and b are given positive numbers, γ is given
real number, ax is a C10, l function, and ax ≥ −c0 > 0for all x ∈ 0, l. It is shown that
the zero solution of the problem 1.3-1.2 is globally asymptotically stable, that is, the zero
solution is stable and all solutions of this problem are tending to zero when t → ∞. Moreover
the polynomial decay rate for solutions is established.
There are many articles devoted to the investigation of the asymptotic behavior of
solutions of nonlinear wave equations with nonlinear dissipative terms see, e.g. 3, 4,
where theorems on asymptotic stability of the zero solution and estimates of the zero solution
and the estimates of the rate of decay of solutions to second order wave equations are
obtained.
Similar results for the higher-order nonlinear wave equations are obtained in 5.
In this study, we consider the following initial boundary value problem for the
multidimensional version of 1.1:
utt  kΔ2u − aΔu 
n∑
i1
γiutxi  b|ut|put  0, x ∈ Ω, t > 0, 1.4
ux, 0  u0x, utx, 0  u1x, x ∈ Ω, 1.5
u  Δu  0, x ∈ ∂Ω, t > 0, 1.6
where Ω ⊂ Rn is a bounded domain with suﬃciently smooth boundary ∂Ω. k, b, and p are
given positive numbers, and a, γi, i  1, . . . , n are given real numbers.
Following 2, 5, we prove that all solutions of the problem 1.4–1.6 are tending to
zero with a polynomial rate as t → ∞. In this work, ‖ · ‖ stands for the norm in L2Ω.
2. Decay Estimate
Theorem 2.1. Suppose that k, b, and p are arbitrary positive numbers, and number a satisfies
a  kλ1  m0 > 0, 2.1
where λ1 is the first eigenvalue of the operator −Δwith the homogeneous Dirichlet boundary condition.







when n ≥ 3. 2.2
Then the following estimate holds:
1
2





At−p1/p2, p ∈ 0, 1,
At−2/p2, p ≥ 1, t ∈ 1,∞,
2.3
where A depends only on the initial data and the numbers a, b, p, γi, i  1, . . . , n, and λ1.
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|ut|p2dx  0. 2.6










‖∇u‖2  δu, ut
]
− δ‖ut‖2  kδ‖Δu‖2






































‖∇u‖2  δu, ut
]























‖∇u‖2  δu, ut. 2.10
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Then we have from 2.9
d
dt
































It is not diﬃcult to see that
‖∇u‖ ≤ λ−1/21 ‖Δu‖. 2.13





































∣∣2 > 0. 2.16
From 2.14, we get
d
dt




















































|ut|p2dx ≤ 0. 2.20
Therefore Et is a Lyapunov functional. From 2.20, we find that











|ut|p2dx ds  E0
b
. 2.22
If a is nonnegative, then we have
1
2






Et ≥ D1Et, 2.23
where D1  min{1, 2δ, 2L/k}.
If a is negative, then, using 2.13, we have
1
2

























where D2  min{1, 2/kaδ/λ1  L}.
Therefore if a either nonnegative or negative then it is clear that
1
2
‖ut‖2  aδ‖∇u‖2  L‖Δu‖2 ≥ DEt, 2.25
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Integrating 2.26with respect to t, we can get




























































‖∇u‖2  δu, ut
 1
2




‖∇u‖2 − δ|u, ut|
 1
2





















































E10 − E1t  E10, 2.33










































where C1 is a positive constant depending on the initial data and the parameters of 1.4.


















































|ut|p1|u|dx ds  C3t1/p2, 2.38











DtEt  E10  C1tp/p2  C3t1/p2,
Et  D−1
[









At−p1/p2, p ∈ 0, 1,
At−2/p2, p ≥ 1,
2.41
where A  D−1E10  C1  C3. Hence we have from 2.19
1
2





At−p1/p2, p ∈ 0, 1,
At−2/p2, p ≥ 1, t ∈ 1,∞.
2.42
From this inequality it follows that the zero solution 1.4–1.6 is globally asymptotically
stable.
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